Abstract. A Cremona transformation is a birational self-map of the projective space P n . Cremona transformations of P n form a group and this group has a rational action on subvarieties of P n and hence on its Hilbert scheme. We study this action on the family of rational curves of P 3 and we prove the rectifiability of any one dimensional family. This shows that any uniruled surface is Cremona equivalent to a scroll and it answers a question of Bogomolov-Böhning related to the study of uniformly rational varieties. We provide examples of infinitely many scrolls in the same Cremona orbit and we show that a "general" scroll is not in the Cremona orbit of a "general" rational surface.
Introduction
A Cremona transformation is a birational self-map of the projective space P n . Cremona transformations of P n form a group and this group has a rational action on subvarieties of P n and hence on its Hilbert scheme. The problem of studying the orbit of a given subvariety under this action is classical, an introduction to classical results may be found in [Coo] and [Con] . Two subvarieties are called Cremona equivalent, see Definition 2.1, if they are in the same orbit. Quite surprisingly for an irreducible subvariety V ⊂ P n of codimension at least 2 the Cremona equivalence is birational equivalence, [MP1] . That is any subvariety birational to V is in the orbit of V . The case of divisors is completely different and it is well known that, in any dimension, there are birational divisors that are not Cremona equivalent, [AM] , [Je] , [MP1] . As a matter of facts the detailed classification of orbits of the Cremona action for divisors is really intricate and only few cases are well understood. In modern times, the Cremona equivalence of irreducible plane curves has been considered again starting from the 1960s by Nagata, Kumar-Murthy, Dicks, Reid, Iitaka, Matsuda, Mella-Polastri, and CalabriCiliberto, see [CC1] for a full bibliography. Away from irreducible plane curves very few is known: rational surfaces Cremona equivalent to a plane, [MP2] , cones, [Me] , and arrangement of lines, [CC2] .
When considering the action on the Hilbert scheme it is natural to ask about families of irreducible subvarieties. By the mentioned result as soon as the locus of these families in P n is of codimension at least two then Cremona action is equivalent to birational equivalence. In this paper we concentrate on the next case: divisorial families of subvarieties. In particular we start with the family of rational curves of P 3 .
Theorem. Let cr 3 : Cr 3 × Hilb(P 3 ) Hilb(P 3 ) be the natural action induced by the group of Cremona transformations. Then any one dimensional family of rational curves is rectifiable by cr 3 , that is it can be mapped into the Klein quadric (the irreducible variety representing lines of P 3 ) by cr 3 .
The Cremona action on rational curves of P 3 is related to the rationality of conic bundles via Cantor Conjecture, [Ka] . The latter predicts that any congruence of rational curves, that is an irreducible surface in the Hilbert scheme of rational curves, with a unique element trough the general point of P 3 can always be transformed into a congruence of conics (or lines through a fixed point) by a Cremona transformation. Iskovskikh proved, [Isk87] , that this conjecture is equivalent to the rationality criterion of 3-fold conic bundles.
From a slightly different point of view we may reformulate the above statement in terms of Cremona equivalence of rational surfaces. Theorem 1.1. Let S ⊂ P 3 be a uniruled surface. Then S is Cremona equivalent to a scroll.
In the above form the result seems to be of interest also in the study of uniformly rational varieties, [BB] . In particular it answers positively the question posed by the authors after [BB, Proposition 2.9] , and it suggests a positive answer to the rectifiability of divisorial images of P r × Y studied in [BB] .
The approach we adopt to prove our main theorem is different from the standard one in Cremona equivalences. In general one tries to study elements of minimal degree in the orbit. To do this one needs to: produce Cremona transformations that lower the degree of a fixed subvariety, and define a class of singularities for which it is impossible to lower the degree via Cremona modifications. This time we are in a different position. We are interested in rectifiability of a one dimensional family of rational curves. For this reason we discard the degree of the surface spanned by the family and produce Cremona modifications that are able to lower the degree of the family at the expense of both increasing the degree of the surface and introducing worse singularities. These Cremona modifications are produced using monoids, see Definition 2.4, that, in the spirit of [MP1] and [CCMRZ] , in a recursive way lower the degree of the family. We complete the discussion providing examples of infinitely many scrolls in the same Cremona orbit and showing that a "general" scroll is not in the Cremona orbit of a "general" rational surface.
The paper is organized as follows. Section 1 is concerned with notation and numerical computations about monoids. In Section 2 the main result is proven and in Section 3 we collect examples and remarks.
Preliminary definitions and notations
We work over the complex field.
Definition 2.1. Let S 1 , S 2 ⊂ P 3 be irreducible surfaces. S 1 and S 2 are said to be Cremona equivalent if there exists a Cremona transformation ω : P 3 P 3 such that ω (resp. ω −1 ) is defined at the general point of S 1 (resp. of S 2 ) and ω(S 1 ) = S 2 .
Let us fix some notation to work with uniruled surfaces.
Definition 2.2. Let C be a non singular curve of genus g ≥ 0 and X = P 1 × C = P(O C ⊕ O C ). Let π : X → C be the ruled structure, C 0 and F a section and a fiber of π. We say that a uniruled surface S ⊂ P 3 is realized by a linear system L :
if L is without fixed components and ϕ L (X) = S ⊂ P 3 , where ϕ L is the map associated to L. In particular such an S is generically ruled by rational curves of degree a, the image of the fibers of π. If a = 1 then S is covered by lines and it is called a scroll.
Remark 2.3. Let X ⊂ P 3 be a uniruled surface of irregularity g. Then X is birational to P C (E) for some vector bundle E of rank 2 over a genus g curve C. Hence by [Ma] via a chain of elementary transformations X is birational to P 1 × C. In particular any uniruled surface of P 3 is realized by some linear system L X on P 1 × C, for some C.
Quadric surfaces and cubics with a double line are examples of scrolls. It is well known, see for instance [MP2] , that any rational surface of degree at most 3 is Cremona equivalent to a plane. Therefore any rational surface of degree at most 3 is Cremona equivalent to a scroll and such a scroll is not unique. We will see, Example 4.1 , that this is the case of any uniruled surface. This behaviour makes very difficult to choose a representative scroll in a given orbit.
To study the action of Cremona group it is useful to have an easy way to produce Cremona transformations of P 3 . For this purpose we introduce the following.
Definition 2.4. Let Ξ ⊂ P 4 be a degree-d hypersurface, with d > 1. Ξ is said to be a monoid with vertex p ∈ P 4 if Ξ is irreducible and p ∈ Ξ is a point of multiplicity d − 1. Let M d (p) be the linear system spanned by monoids with vertex p and M d (p, q) ⊂ M d (p) the linear system spanned by monoids with vertexes in both p and q.
Remark 2.5. Let π : V → P 4 be the blow up of p in P 4 with exceptional divisor E and H the pullback of a hyperplane. Then we have
Remark 2.6. The reason we are interested in monoids is this simple construction that allows to produce Cremona transformations of P 3 from monoids in M d (q 1 , q 2 ). Let Ξ ∈ M d (q 1 , q 2 ) be a monoid. In particular Ξ is irreducible and mult q 1 Ξ = mult q 2 Ξ = d−1. Let ϕ i : P 4 P 3 be the projection from the point p i and f i := ϕ i|Ξ its restriction to the monoid. Then the composition
is a Cremona transformation of P 3 . Let Z ⊂ P 4 be an irreducible surface and q 1 , q 2 ∈ P 4 two points, with projections ϕ i : P 4 P 3 . Assume that ϕ i|Z is birational, and there is a monoid Ξ ∈ M d (q 1 , q 2 ) containing Z. Then the Cremona transformation ω Ξ is a Cremona equivalence between ϕ 1 (Z) and ϕ 2 (Z) if and only if Ξ does not contain the cones over Z with vertex q i .
To produce a Cremona equivalence via monoids we are therefore interested in studying monoids in M d (p 1 , p 2 ) containing assigned surfaces but not their cones. The latter condition is not closed. Hence to produce the required monoid we cannot do a simple dimensional computation. To avoid this problem we introduce the following notation.
Definition 2.7. Let W ⊂ P 4 be a subvariety. Then
is the sublinear system spanned by monoids containing W . Let Z be a surface and C p (Z) be the cone over Z with vertex p then
Remark 2.8. Despite the fact that M d (p, Z) C is not a well defined linear system we prefer, to simplify notations, to introduce a unique name for all linear systems in
We hope this won't confuse the reader.
The following Lemma is the result we need to reduce the existence of a Cremona equivalence to a dimensional computation of linear systems.
Lemma 2.9. Let Z ⊂ P 4 be a non degenerate irreducible surface and q 1 , q 2 ∈ P 4 two points. Let ϕ i : P 4 P 3 be the projection from the point q i . Assume that ϕ i|Z is birational and, for some d,
Then the surfaces ϕ 1 (Z) and ϕ 2 (Z) are Cremona equivalent.
C be an element. Ξ contains the surface Z and does not contain the cones. Thus mult q i Ξ = d − 1. Assume that Ξ = A + B is reducible and A ⊃ Z is an irreducible component. Let α = deg A, β = deg B be the degrees and a i = mult q i A, b i = mult q i B the multiplicities, for i = 1, 2. Since Z is not degenerate then α > 1. Moreover A does not contain the cones over Z therefore a i ≤ α − 1. On the other hand we know that
then ω A is well defined on the general point of ϕ 1 (Z) and ω
−1
Ξ is well defined on the general point of ϕ 2 (Z). Hence ω A is a Cremona equivalence between ϕ 1 (Z) and ϕ 2 (Z).
To apply Lemma 2.9 we have to efficiently bound the dimension of
Note that by construction we may always choose
Let us start computing the dimension of the linear spaces we are interested in. Without loss of generality we may assume that p = [1, 0, 0, 0, 0] and so a general Ξ in M d (p) is defined by
where F d−1 and F d are homogeneous polynomials, respectively, of degree d − 1 and d. Moreover, assuming that p is as above and
Next we need to estimate dim M d (p, Z). Accordingly to Remark 2.5 let π p : V → P 4 be the blow up of p and Z V the strict transform of Z. Then the structure sequence of Z V ⊂ V yields
Now, let δ be the degree of the projection of Z from p. Then C p (Z) is a divisor of degree δ, hence
and Equation (2) yields
Plugging these computations in Equation (1) we get the following Lemma.
Lemma 2.10.
Cremona equivalence for uniruled surfaces
The aim of this section is to prove Theorem 1.1. Let S ⊂ P 3 be a uniruled surface generically ruled by rational curves of degree a. If a = 1 there is nothing to prove. So we may assume that a ≥ 2 and prove the statement by induction on a.
Set X = P 1 × C and let π : X → C be the ruled structure. Then, for some divisor B ∈ Pic(C), with deg B = b ≥ 1, the surface S is realized by a linear
Fix a general section Γ ∈ |C 0 + π * G|, with deg G = 2g(C) + 1. Then for positive enough B 1 ∈ Pic(C), with deg B 1 = β, we may consider M ∈ |(a − 1)C 0 + π * (B + B 1 − G)| and the linear system
is birational and S M = ϕ Λ M (X) is the image. For Γ and M general the scheme base locus of Λ M is
In particular Bs Λ M is a reduced 0-dimensional scheme of length aβ. Let ν : Y → X be the blow up of these points in X with exceptional divisors E i , and
the strict transform linear system. Then
. Let p i be the i th coordinate point in P 4 . Then by construction p i / ∈ S M for i ∈ {0, . . . , 3}, while p 4 ∈ S M and the fiber ϕ −1
By construction all projections ϕ i : P 4 P 3 from p i are birational when restricted to S M . Our first aim is to produce a monoid with vertexes p 0 and p 4 that contains S M .
Let
be the blow up of the point p i , i ∈ {0, 4}, in P 4 with exceptional divisor E and let
The following Lemma bounds the dimension of the restricted linear system, in view of Lemma 2.10.
with ℓ and m independent from β and d.
Proof. By construction
is the embedding given by Λ Y , and
This yields
for some ℓ ′ constant with respect to β and d. Let A ∈ Λ Y be a general element. Then A is irreducible and L · A = δ 0 > 0. Consider the structure sequence of A in Y tensored by dL. That is
Passing to cohomology we get
Since A · L > 0 the last term vanishes for d ≫ 0 and therefore for d ≫ 0
In particular h 1 (Y, dL) does not depend on d, for d ≫ 0. In a similar fashion considering the structure sequence of ν * (π * B 1 ) −
Therefore h 1 (Y, dL) does not depend on β, for d ≫ 0. Putting all together we have, for d ≫ 0,
where ℓ ′ and m don't depend on β and d.
The bound in Lemma 3.1 allows to prove the following.
Lemma 3.2. Let S ⊂ P 3 be a uniruled surface. Let L and Λ M ⊂ |aC 0 + π * (B + B 1 )| be as above. Then there are positive integers β and d such that
Therefore to prove the statement it is enough to show that
for d ≫ 0. Combining Lemma 3.1, Lemma 2.10, and Equations (6) we obtain
The comparison of cubic terms in the variables β, d appearing in Equations (8), (3), and (2) gives:
The unique real root of Equation (9), that is of
solved with respect to β, is
To conclude we need to prove that for β = β(d) = ξ d a the quadratic terms in the variables β, d appearing in Equations (8), (3), and (2) satisfy the inequality
or equivalently,
By making the substitution β = β(d) = ξ d a in the left-side term of Equation (12), since b ≥ 1, we have
In particular 
The fractional part {hξ} of hξ is uniformly dense in (0, 1). Hence for all ǫ ∈ (0, 1) there exists h ≫ 0 and sufficiently divisible such that hξ − ǫ ∈ N. Equivalently set
for h ≫ 0 and sufficiently divisible.
To conclude the Lemma it is enough to show that there exists ǫ ′ ∈ (0, 1) such that
and fulfill Equation (7), for some h ≫ 0.
As before we start with the cubic terms and Equation (9):
Since β(h) = hξ solves (9), the previous expression becomes
The presence of a term h 2 forces us to study also the quadratic terms and Equation (12):
The number β(h) satisfies Equation (12) thus Equation (16) is positive for any ǫ ′ ≪ 1 when a ≥ 1 and b ≥ 1. Therefore for any h ≫ 0 and sufficiently divisible, the equation (7) is satisfied.
We are now able, via Lemma 2.9, to establish the existence of the Cremona equivalences we are interested in. 
Since mult p 0 Ξ ≥ d − 1 this gives the contradiction
We are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Set X = P 1 × C and let L := {L 0 , L 1 , L 2 , L 3 } be a linear system that realizes the uniruled surface S ⊂ P 3 with a ruling of curves of degree a, that is S = ϕ L (X) and L ⊆ |aC 0 + π * B|. Up to a linear automorphism we may assume that mult [1, 0, 0, 0] S < deg S − 1. Fix sufficiently ample divisors B i ∈ Pic(C), with deg B i = β i , for i ∈ {0, . . . , 4}, and a general section Γ ∈ |C 0 + π * G|.
and
By Corollary 3.3 we may choose β 0 , d such that
By construction ϕ i|S M 0 is birational, and the surface S M 0 is non degenerate therefore by Lemma 2.9 S = ϕ 4 (S M 0 ) is Cremona equivalent to S 1 := ϕ 0 (S M 0 ). The surface S 1 is realized by the linear system
For M 0 general we may assume that mult [1, 0, 0, 0] S 1 < deg S 1 − 1. This allows to iterate the construction via general divisors
, 2, 3}, to produce surfaces S i+1 Cremona equivalent to S and such that S 4 is associated to the linear system
Since Γ is a fixed component we may remove it from the linear system. Therefore S 4 is realized by the linear system
and it is ruled by curves of degree (a−1). Then by induction on a the surface S is Cremona equivalent to a scroll.
Remark 3.4. Let S ⊂ P 3 be a uniruled surface. The inductive procedure that produces the Cremona equivalence of S to a scroll increases its degree and produces points with high multiplicity. In particular the resulting scroll is a very special projection into P 3 of the general scroll P 1 × C embedded in P N by a linear system |C 0 + π * B|, for some very ample B ∈ Pic(C). See also Example 4.3 for a more precise statement.
As already observed in the introduction Theorem 1.1 is equivalent to the following.
Corollary 3.5. Let cr 3 : Cr 3 × Hilb(P 3 ) Hilb(P 3 ) be the natural action induced by the group of Cremona transformations. Then any one dimensional family of rational curves is rectifiable by cr 3 , that is it can be mapped into the Klein quadric (the irreducible variety representing lines of P 3 ) by cr 3 .
The Cremona action on scrolls
In this section we collect examples and remarks about the problem of determining Cremona equivalent scrolls. Let us stress from the beginning that the picture is very far from being unveiled.
Example 4.1. Let C be a curve and consider the ruled surface P 1 × C, with ruled structure π : P 1 × C → C and q : P 1 × C → P 1 . Then for any birational linear system L ⊂ |π * D+q * O P 1 (1)|, with D ∈ Pic(C), of projective dimension 3, we produce a scroll S L ⊂ P 3 . Moreover if g(C) > 0 any scroll is obtained in this way. Let χ : P 3 P 3 be a general Cremona transformation of type (d 1 , d 2 ) . Then χ(S L ) ⊂ P 3 is ruled by rational curves of degree d 1 and has degree greater then S L . Via Theorem 1.1 χ(S L ) is Cremona equivalent to a scroll of even higher degree. This shows that the subset of scrolls Cremona equivalent to a given surface is not only infinite but contains a dense subset of the Cremona group of P 3 .
The following is a slight modification of [MP2, Lemma 2.2] Lemma 4.2. Let X n−1 be an irreducible and reduced projective variety. Let L and G be birational embeddings of X into P n , of degree respectively l and g. Assume that l ≥ g and ϕ L (X) is Cremona equivalent, but not projectively equivalent, to ϕ G (X). Then the pair (P n , n+1 l ϕ L (X)) has not terminal singularities. In particular if X, X 1 ⊂ P n are two non projectively equivalent irreducible divisors and (P n , n+1 deg X X) and (P n , n+1 deg X 1 X 1 ) are terminal pairs then X is not Cremona equivalent to X 1 .
Proof. Let Φ : P n P n be a Cremona equivalence between ϕ L (X) and
Then, for any ǫ we have
where E i , respectively F i , are p, respectively q, exceptional divisors. Let r ⊂ P n be a general line in the right hand side P n and Γ its strict transform on the left hand side, with deg Γ = γ > 1. The hypothesis l ≥ g yields
This proves that at least one a i < 0. Therefore for any ǫ > 0 the pair (P n , (1 + ǫ)( n+1 l ϕ L (X))) has not canonical singularities. Hence the pair (P n , n+1 l ϕ L (X)) has not terminal singularities.
As we already observed our procedure to produce a Cremona equivalence to a scroll increases the degree and produces quite bad singularities. Here we want to go a bit deeper in this and show that this is not a lack of our construction. Fix a surface P 1 × C and a birational linear system of dimension 3 L ⊂ |q * O P 1 (1) + π * B|, for some divisor B ∈ Pic(C). This is equivalent to give a linear projection to P 3 . It is classically known that a general projection of a surface to P 3 has mild singularities, a curve of double points and isolated 3-ple points. This suggests that we do not expect that a uniruled surface is Cremona equivalent to a general projection. The next example aims to formalize this feeling.
Example 4.3. Let C be a curve of positive genus. Consider the embedding of P 1 ×C ⊂ P N given by |q * O P 1 (a)+π * D|, for a ≥ 2 and D ∈ Pic(C) divisor of degree d ≥ 4. Let S π be a general projection in P 3 of degree 2ad ≥ 16. Then the singularities of S π are an irreducible curve of double points and isolated triple points. In particular for any point x ∈ S π we have mult x S π 4 2ad ≤ 12 2ad < 1, and the pair (P 3 , 4 2ad S π ) has terminal singularities. Let Y D ⊂ P N be the embedding of P 1 × C with a linear system |q * O P 1 (1) + π * B|, for some B ∈ Pic(C). Then, exactly as above, for any B and any general projection, say S B , the pair (P 3 , 
